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Abstract-Plane wave rellc:ctions at the free surface of a half-intinite elastic space are examined
assuming long-range action ofcohesive forces. and a grazing incidence of the waves. Using Kroener
Eringen constitutive equ.llions. nonlocal clastic moduli are determined. and the dilference-dilfer
entiaI equations of motillO for the displacement potential functions established. Satisfaction of the
homogeneous boundary conditions determines the ratios of the amplitudes of the incident and
ret1~'l:ted waves. A more detailed analysis of the grazing incidence of P-waves in a nonlocal medium
confirms the e,istence of the Goodier Bishop waves in the entire Brillouin frequency zone. at least
for three ditTerent ranges of the particle interactil1ns. and some e,pcrimental data available.

I. INTRODUCTION

As commonly known, the conventional theory of elasticity is remarkably successful in its
predictions of the way material bodies respond to the action of external agents such as
mechanical and eh.:ctromagnctic forces and heat. Strangely enough, this is so not
withstanding the f~tct that the model of bodil..'s accepted by the theory is such an abstraction
as a plain continuous mediulTl. And yet there are situations. few to be exact, in which the
conclusions of the theory do not agree with experilTlental evidence, or come in conflict with
our undl..'rstanding of thl..' real world.

Two relevant exampks coml..' to mind hl..'re. First. failure of classical elastodynamics to
predict thl..' displ..'rsion of wavl..'s travelillg in unbounded ,lIld semi-bounded media, a fact
welll..'stablished by actual observations. Sl..'cond, the conclusion hardly compatible with the
common sense that thl..' stress concentrations at thl..' tips of cracks and at the cores of
dislocations become unbountkd.

Therl..' wl..'re sl..'wral endeavors in rl..'cl..'nt years of workers in mechanics to circumvent
thl..' dillkulties encountered in the classical theory. One of these, of interest in the present
note. gave birth to a new theory of elasticity, more general than the old one and called
nonlocal.

The nonlocaltheory differs from its classical counterpart in that it disputes the validity
of the orthodox assumption that the cohesion forces binding the matter together arc contact
forces whose range of action is infinitesimal. Instead of this, the new theory accepts as
relevant the firmly established findings of atomic physics. and asserts that the particle
interactions are long-range forces that extend, at least in principle, over the entire body. It
is important to note that due to the new approach the non local theory is able to revise some
of the questionable conclusions of the old theory; and so, for example, contrary to the
above-mentioned classical prediction, the wave motion in nonlocal unbounded and semi
bounded media is found to be dispersive (Eringen, 1976; Nowinski, 1984a). Likewise, the
singular points in cracks and dislocations become regular points (Ari and Eringen. 1983;
Eringen, 1977), and by an appropriate definition of the concentrated force it is possible to
predict a finite stress at the point of application of the force (Wang, 1988).

In the present note. we intend to shed some light, however limited, on another somewhat
enigmatic question ofexistence of the undulatory motions known as Goodier-Bishop waves
(Goodier and Bishop. 1952). The waves so named represent surface waves whose amplitude.
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strange as it is. increases (linearly) with an increasing distance from the surface. On account
of this. the intensity of the waves at infinity becomes unbounded. This fact makes the
phenomenon at odds with the natural 5t Venant requirement that a disturbance produced
by the agencies acting in a finite domain should vanish at infinity. If this is so. one is tempted
to suspect that perhaps the whole idea of the Goodier-Bishop waves has a purely formal
character. and comes from the inadequacy of the postulational basis of the classical theory.

If such be the case. it seems both interesting and informative to inquire what can be said
about the problem in question in the context of the nonlocal theory. that successfully
clarifies other difficulties of the classical line of approach.

Proceeding in the desired direction. we first establish the nonlocal elastic moduli using
the Eringen-Kroener form of the constitutive equations. We next arrive at the difference
differential equations of motion in terms of two displacement potential functions. and find
the solution satisfying the boundary conditions of zero external tractions. A more detailed
analysis of the grazing incidence of P-waves seems to confirm the reality (in the theory at
least) of the Goodier-Bishop waves. This happens for three different ranges of cohesive
interactions with due regard to the available experimental data.

It is worth noting that the Goodier-Bishop waves in their nonlocal aspect become possible
for all admissible lengths in the Brillouin zone. In the classical theory. on the other hand.
they exist only as very (infinitely) long waves.

2. AN AUXILIARY PROULEM

As a preparation for the solution of the title problem. we examine the following
auxiliary problem.

Let a plane longitudinal wave propage in an clastic infinite spacc with nonlocal properties
in thl: direl:tion of thl: XI-axis of a Clrtesian rectangular reference frame XI. X!. x~. With
the only identkally non-zero displacemcnt componcnt.

( I )

thcre is assoei.lted. within the framework of a lineur theory. the only non-zero strain
component.

(2)

We take the constitutive equation of the matter filling the space in the form proposed by
Eringen (1972) on the basis of a general theory of constitutive equations. In the present
case we have

(3)

where tL and ;. are Lame's constants. tL' and ;: arc the nonlocal moduli (here kernel influence
functions). x =: (x j, x!. X J) is the point under observation. x' a generic point of the medium.
dv' the volume clement of the medium. and the prime designates (here and later) quantities
at the point x'. Inasmuch as the functions do not depend on the coordinates x'! and x'J.
then by the argument of Edelen in Nowinski (1984a. Appendix) there is no dependence on
the coordinates x! and XJ. and the three-dimensional problem under discussion reduces to
the one in one dimension. One may then write

(4)

By appeal to the Fourier exponential transform.
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and to the one-dimensional Faltung theorem we arrive at the equation

!I,(X,.t) Jr- .,.2i;'(k)+2(k). ,. ) -'K< d"-.,----.- = - 111. -~--.- --- IIdll.. t e '11..
-/1+ 1. - f_ -/1+1.

42S

(5)

(6)

The equation above introduced into the only identically non-vanishing equation of motion,

\cads. by means of the separable representation

iidk. t) = 1I,,(k) e'''''.

to the dispersion equation of the nonlol.:alwntinuul11 theory.

(7)

(7a)

(8)

where (' = will. is the al.:tual wave speed in its nonlol.:al aspect. wand k are the frequency
and the wave number. respectively, and ('I = [(211 + ).)/JI]I~ is the speed of the longitudinal
waves in an inlinite space al.:cording to the convcntionaltheory. Clearly, the nonlocal theory
implies that the clastic waves depend on the wave number (respectively, on the wave length,
A = 2rr/k), so that the waves turn out to be dispersive. This agrees with the experimental
evidence. but contradicts the conclusions of the c1assic~11 elasticity. It should, of course, be
recalled that the classical theory of clastic waves ~Igrees essentially with observations as
long as the w~lvclength is brge enough as compared with the average atomic distance. As
the wavelength decreases, effects of the discrete structure of bodies become more and more
pronounced, and it is the objective of the nonlocal theory to account for these effects. To
achieve this, a normal procedure of the non local theory consists of establishing some kind
of correspondence between the continuum theory and the atomic theory. There are several
possibilities to secure the desired connection [see, e.g. Leibfried (1955, p. 185)]. One of these
consists of the identilication of the dispersion equation furnished by the nonlocal elastic
theory [cf. eqn (8) above]. which is assumed to be valid for waves of alllcngths, with the
corresponding equation derived in the Born-von Karman atomic lattice dynamics. The last
named equation retains its validity for waves of all lengths, and has the following form [see,
e.g. Kittell (1967. p. 143)] for ~I monoatomic lattice:

., v

w~ = '-I L C,,(I-cos nkll).
it' ".,.1

(9)

Here At is the mass of an atom, a is the atomic spacing, and the Cws are the constants
determining the forces, with which the atom under observation (at the location n = 0) is
acted upon by the planes of atoms removed by lUI. Setting M = pa\ where p stands for the
avemge atomic mass density. and combining eqns (8) and (9) gives
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2li(k)+l.'(k)
.__.__._--_._-

2tl + i.
( 10)

We note that the range of the wave number k is here as broad as

( lOa)

and is being referred to as the first Brillouin zone.t This permits the length of the waves to
vary between two atomic spacings. 2a. and the infinity (2(/ ~ t\ < 'l) in contrast with thc
continuum theories in \vhich k may tend to intinity and t\ to zcro.

It is a straightforward mattcr to invcrt clJn (10) by means of a table of Fouricr
transforms [see. c.g.. Magnus and Obcrhcttinger (19~8)1. We thcn obtain

whcrc

2Jl~~XI--=-x'II)+i.'(lxl-x'll)= lie "(1_1.':.!__=:~!1)
2J1 + i. 2Jl + i. n = I "(( ~ /Ill

( II )

( 12)

and" = 1.2..... N. rcspcctively. Outsidc rcgion (12). thc right-hand side of clJn (II)
bccomcs equal to zero. We note that the expression

( (3)

in eqn (II) constitutes a term of a delta sequencet since the integral of 6s taken over the
interval - L < X'I < -'l~ is equal to I. and moreover if tI -> 0 then 6s -> -X!.

Suppose now that in (II) one sets N = I and writes the constitutive eqn (I) in the form
appropriate for the case in question. namely

( 14)

Inasmuch as for (( -> () the term i5., (x I - X'I) tends to the delta function. (5(x - x') then
by the well-known substitution property of the delta function the elJuation above tends to
the limit

( 15)

In the limit. however. the nonlocal theory transforms into its classical counterpart. so
that eqn (15) expresses a trivial Hooke's law r II = (2Jl + i.) ('II/f'X I'

A comparison of the two prcccding cquations gives immcdiately that

t Contining thc wavc numbcr 10 the tirst Brillouin zone rcmoves the ambiguity in the wavelength cor
responding 10 the given frequency.

: We recall thaI. spcaking crudcly. a dclta selJuem:e is a sequcncc of inde~ed functions the limit of which
Ii'r thc indc.\ tcnding to inlinity is a Dirac delt,. function.
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(16)

with fJ and ;. as Lame's constants.
With all the preliminaries out of the way. we now focus on the examination of the title

problem; this is done in the subsequent section.

3. GE:'\ERAL EQUATIOl'S

We now return to our title problem. and suppose that the surface of an elastic isotropic
homogeneous and nonlocal half-infinite medium coincide with the xlxJ-plane of a rec
tangular Cartesian coordinate system XI. X2. XJ. with the x2-axis pointing towards the
interior of the medium (Fig. I).

Let a plane harmonic wave (a longitudinal. P-wave. say) propagating in the k/k direction
[/kl =:: k == (k I. k 2)] strike the boundary X2 = 0 at the angle ('\ (respectively ('2. for a transverse
wave. SV). The trace of the wave front in the plane X~ = 0 is L. and the reflected waves
consist of the longitudinal. p'-wave. and the transverse. SV'·wave.

The constitutive equation of the nonlocal medium in the considered plane strain two
dimensional problem takes the form

where i.j = 1.2. x == (XI'.\"2)' til is the stress tensor. e" = !<1I,.,+II I .,) is the strain tensor.
It = (ltl.lt2) is the displacement vector. I is the time. and A is the area of the cross-section
x, = 0 of the medium.

In order to pass from the om:-dimensiomll problem discussed in Section 2 to the two
dimensional in hand. we wish to make the following assumptions.

We select the nonloc.lImoduli in a separable form using the designation

(18)

where i.k = 1.2. and i ¥- k.
Guided by the result (10) we seek the function FN in a form similar to (II). namely

. '( I 'I), . "')"- X,X iF(I\"-\"I)=::" ( - 1---,\ • I - t L...." ,
,,_ I tl "tl

( 19)

where i =:: 1.2. and the coellkients C;I are denoted in the following by C~;,) or C~') depending
on whether the function F.. is associated with the modulus;: or JJ'. respectively.

c

p'

Fig. I. Geometry of the problem.
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We take advantage of the generality of the principle of attenuating neighborhoodt and
identify the function Gs(!Xt-Xtl) with a term Js(Xt-Xt) of an appropriate chosen delta
sequence.

As regards the functions of the sequence we adopt the simplifying assumption that the
functions possess the familiar shifting property characteristic of the Dirac function: as a
consequence. for any sufficiently regular function f(:':;) there is

(20)

with i = 1.2 and S = 1.2. 3..... This relation becomes. ofcourse. the more e~act the higher
the value of the inde~ S.

Finally. we decide to associate in expression (18) a pair of indices i = I. k = 2 (i = 2.
k = I) with the increments of the displacements in the x I-direction (x~-direction).

This brings us back at last to the main line of the argument. We invoke the standard
representation of the displacements in terms of a pair of potential functions <p(x I. x~. t) and
l/I(XI.X~.t).

Substitution of the ubove into the equations of motion yields

r!'+~i( (.1.' + I.' ) d \.' d \.' I ,"
JA )'+2It (1',11 (I',Z~ . I . Z = ef o.

(21 )

(22)

and a similar equation for the function lfr. provided d = ().+2It)/P is replaced by
d = II/p, 4.lud ().' + 2/1')/(). + 2/1) by It'lil. respectively.

We combine eqns (21) with eqns (22). rcspectively, and arrive at the following differ
ence-differential equations for the function (p:

and a similar equation for the function l/I with (i.+ Jl) replaced by II. and d by d = Jl/p.
We cast the functions c/J and l/I in the obvious forms,

(24)

The functions above satisfy the governing equations such as (23). provided

(25)

t According to the principle proposed by Eringen (19621. and hased on actual ohservations. the interactions
between particles d~'C:lY rapidly with an incrc:lsing distance hctwcen them. Pnll;tic:llly. thc range ofcohesion forces
may include 15 intcratomic dist:lnces :Ind be of thc order of 10-' em.
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with k~ = k,J~. It is easily verified that

429

(26)

(27)

(cf. Fig. I). and that eqns (25) and (26) reduce to the classical equations if a -+ O. n = I.
C\;'+ ~,.I = (A. + 2J~)a. and Cft' = JtO: that is. if the nonlocal medium becomes converted into
the conventional. local. one [see. e.g. Ewing et al. (1957. p. 26)]. In this case also the
coefficients of the closest neighboring interactions. C\'''' :,.1 and CIt'. reduce to the cor
responding Lame's constants (according to the already mentioned correspondence principle
of the lattice dynamics [see. e.g. Kittel (1967. p. 147); Eringen (1962. p. 248)].

With all the above in mind we write the equations of the stress components of interest.
'I: and ':2 as

where

(29)

In preparution for the discussion of the Goodier-Bishop waves we now assume that
the surface of the half-space is free from extc:rnalload. so that

(30)

for any value of the coordinate XI .lnd at all times t. To save on non-essential calculations
that tend to obscure rather than clarify the main points of the problem. we confine our
attention to the case in which the incident wave represents a P-wave. Then B 1 =0 (thus
excluding the incidence of an SV-wave). and the mtios of the amplitudes of the incident
and reflected (P' and SV') waves turn out to be

where

11 2 rlrJ+n B: 2r1r 2

XI = r~~'= rr :4;' = rl-r~-:'-r~'
(3\ )

,v

r 2 = L C~'I(Sn -S2n)'
n_1

(32)
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We note that: (a) if N = \, that is. if the particle interactions are limited to the closest
neighbors. then relations (31) become identical with those derived directly in Nowinski
[1984b. eqns (28)-(30)]; (b) if in addition one makes the interatomic distance a - O. and
the interaction parameters C" convert into the Lame constants. then relations (31) transform
into those well-known from the classical theory [see. e.g. Ewing et af. (1957). eqns (2.11)].

4. GOODIER-BISHOP SURFACE WAVES

Before starting a discussion of the Goodier-Bishop waves in more detail. it is worth
mentioning the unwelcome fact that for grazing incidence [as follows from the inspection
of eqns (31 )]. that is. for <5 1 = - tan c 1 = O. it follows that A ~ = - A I and B ~ = O. and eqns
(24) cease to represent any motion at all. It was Goodier and Bishop (1952) who showed
that application of a special limiting processt reveals the existence of the trains of waves
even in this rather extreme state ofaffairs. We will not appeal to this process when examining
the phenomenon from the nonlocal point of view. In lieu of this. we apply a simpler
procedure proposed later by Jardetzky (1952) [see also Ewing ct al. (1957. p. 30)].

To do this. we return to the case of incidence of a P-wave. and try the solution of eqn
(23) in a more general form.

(33)

This assulllption leads to the following dilTerem:e equation whidl has to be satisfied by
the function f(x~):

We now pose I(x~) = e'I\. and easily find the assOI.:iated eharacteristic equation

','1 4Co +- ~','I ['11/" k /Ill] W~," .... ., I .
L. . .., - 1 SIn- .., +SIn-.., =, .

•, ' I (t. + -JI)a - - Cj

(34)

(35)

where. as before. C 1 denotes the velocity of longitudinal waves in their local aspect. We
recall that for any harmonic wave there is

OJ

k = c. (36)

where c is the phase velocity and k the wave vector. We then refer to eqns (1.8) and
(1.11) in Nowinski (1989). and conclude that the ratio of the squares of velocities of the
longitudinal waves in the nonlocal and local case is

. ,I/ka
, ,. ( - 'I ,sm- .,

Cj nonloc . C:- +- -,' 1/- _
-'----, ._-- = L --; -- -..,

Cj ,,~I (I.+-JI)"
(37)

t According to the tlCl /roc assumption of Goodier and Bishop. the product A ,", is to remain constant when
<', - 0 and implicitly A I - xc.
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Keeping the three preceding equations. and the familiar trigonometric relation (i = "r=t.
(J real)

sin i{J = i sin h{J.

in mind we examine the following particular cases.

(37a)

4.1. Classical case
In this case one has to set N = I. and make the lattice parameter a tend to zero, By

appealing to eqns (35) and (36) one then finds that

(38)

Since c is the velocity (directed along the xI-axis) of the point of intersection of the wave
front L with the xI-axis (see Fig. I). then eqn (38) implies that ~ = ±tan e,. This result
coincides. as to be expected. with its classical counterpart to be found. for example. in
Ewing et al. (1957. p. 26). Inasmuch 'IS for a grazing incidence there evidently is (' = ('I.
then the root of the characteristic eqn (35) becomes a double root equ,llto zero. On account
of this. there is

(38a)

and we conclude that a longitudinal P-wave moving along the intcrface of a classical. local.
half-space produces. in 1~lct. u rellected longitudinal P'-wave aimed in the same direction.
but with the umplitude increasing linearly with increusing distance from the surface. A
simultuneously generated rellected SV'-wave turns out to be of un ordinary kind. Both these
facts characterize the w'lve motion predicted by Goodier and Bishop.

4.2. Nonlocal ca,\'t! N = I
In this cuse we again set N = I. but appeal to eqn (37) which. for N = I. simplifies to

ka
sin-

2
C I nunlu..: = C I --k~~--'

2

[compare Nowinski (1989. eqn (1.13»J. Likewise. (35) becomes

(39)

(40)

and for grazing incidence. on account of relation (39) and the fact that in the present case
k = k l • we get

• , 'XCI
Sill" T = O. (40a)
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Tahle l. Forcc constants C~· '"t

C.
(10 1 dynes em . ') Cr C, C, C, C, C. C, C, c"

Lead I·U ~l) -U~ 1.~7 -O.lll' 0.~5 -O.IS (L~7 O.I~

(100) 3S.6 1.15 1.30 -0.(,5 O.tl~ -0.10 -O.O~ 0.05
Aluminum

(1101 15.~ 2~.3 -l.S~ -1l7S l.~~ O.O~ 0,39 -0.05

This condition may be satisfied only if 1 = O. irrespective of whether 1 is considered rea( or
imaginary. In fact. in the first case we may argue that the parameter 1 has the character of
a wave number. If this is so. and if one wishes to remain in the first Brillouin lone. then
one is able to demand that 1 ~ re/a and :w 2 #- flre for" = 1.2..... so that consequently
oc = O. This brings us back to the Goodia-Bishop solution. and e:'{cludes other possible
courses. On the other hand. if one treats:t as imaginary. then eqn (37a) implies immediately
that oc = 0 and one recovers once more the Goodier-Bishop case.

It is now of special interest to determine whether by taking higher values of the inde:'{
N than I. it is possible to arrive at conclusions differing from those arrived at in our previous
discussion. We illustrate this point by e:'{,lI11ining successively the cases N = 2 and N = 3.

4.3. NOli/om/ ctlse N = 2
Let us first assumc that N = 2. A simple manipulation furnishes the equation

• :ttl [ . ,:tel ( C )Jsin' 2 Sill' 2 - I + 4('1 = n.

so that either

. ,'Xtl
Sill' 1 = O.

and one comes bal:k to the Goodier Bishop l:ase. or there is

(41 )

(41 a)

. ,:ttl
sm-

2
(41 h)

Whereas. in prinl:iplc. there is no reason why the foregoing relation may be called in
question. some of the avai1<tb1c e:'{periml.:ntal thtta make sUl.:h a l:ondusion less free from
doubt As an illustration. Tahle I displays thc values of the force constant C:: 1-1/

1
) for two

materials. with markedly different properties. namely 1cadt and aluminumt (for the laller.
in two crystal directions [100) and [llOj).

A glance at Tahle I convinces us that the constants Cit I- 1/11 and elj- .. 11') turn out to be
positive. If this is the case. then irrespective of whether 'X is real or imaginary constraint
(41 b) is void. Consequently. if the p,lrtide interal.:tions arc restrided to the sel.:ond doscst
neighbor. then the nonlocal theory confirms the e:'{istcnce of Goodier··Bishop waves. and
exdudes the OCl.:urrence of otha undulatory Illotions.

t f' '" 11.3 and <', '" I~30 m s I. c.. is cakulah:d from the graph given in Fig. 15 in Kittel (1967) with
inaccuracy likely to occur in the second digit.:1' '" '1.7 and <', = 5100 m s '. c" calculated from Fig. ~ in Yarndl and Warren (1965) giving ,p" from the

equation
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4.4. Non/oea/ case N = 3
As a final example let us consider the case corresponding to ,'Ii = 3. A straightforward

calculation yields the equation

(42)

In this case. either :x = O. and we recover the Goodier-Bishop solution. or :x # 0 and the
remaining biquadratic equation has the solution

(43)

If we now assume as we did before. that C,. C! > 0 and add the condition that C3 < 0 (see
Table 1). then the discriminant in (43) becomes greater than zero.

The upper sign in (43) then gives sin! ':1.eI/2 < O. and for real :x constraint (43) becomes
meaningless. On the other hand. if one assumes:x to be imaginary. then there is a possibility
of a wave motion whose amplitude varies exponentially with an increasing distance from
the plane x! = O. This solution corresponds to the wave motions of the already well known
local (and recently discovered nonlocal) types named after Rayleigh [see Eringen (1973»)
and Love [see Nowinski (1984a)]. As regards the lower sign in eqn (43). it is not dillicult
to convince oneself that both for real and imaginary :x eqn (43) has no sense (at least as
regards the data given in Table I).

4.5. NOIl/oml gelleral celse
In this case the range of cohesive forces remains unrestricted.

We first rearrange eqn (35) to read

(44)

We note that as before a grazing incidence of a P-wave implies that c = (", non',,,, and k = k ,.
so that with due regard to eqn (37) the equation above simplifies to

(45)

One obvious solution here is:x = 0 corroborating the findings ofGoodier and Bishop. Other
solutions call for a detailed analysis of the heavily transcendental eqn (44). It need hardly
be added that if one retains the requirement th.tt the parameter :x be confined to the first
Brillouin zone. then at the right end of this zone we have

(46)

where (211 - I) ~ N. Since the eq uation just written cannot be satisfied for both lead and
aluminum. one has to conclude that: (a) in general. existence of wave motion other than
that of the Goodier-Bishop type is questionable: (b) moreover. if such a motion actually
exists it may not in general take place in the high frequency range corresponding to the
right-hand end of the Brillouin zone. So far our analysis has involved the effects of longi
tudinal waves. All of previous arguments. however. with non-essential changes apply to the
effects of transverse waves. and to save on space. we refrain from setting them down here.

$AS 27:4-C
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5. CONCLUSIONS

The following conclusions summarize the main points of the present study:

(a) The nonlocal theory confirms the findings of the classical approach and finds the
grazing incidence of a P-wave (respectively. an SV-wave) on a free surface of a half-space
to produce a reflected Goodier-Bishop P-wave. This state of affairs is observed at least
according to some of the available experimental data. and in media in which the cohesion
reaches up to the third closest particle.

(b) In the last named case. the nonlocal theory predicts an additional generation of
the waves of the Rayleigh and Love type not anticipated by the classical theory.

(c) The conclusions above relate to W.lVes in question of any length (from infinitely
long to as short as twice the interatomic distance) but it is doubtful whether high frequency
(i.e. very short) waves of this kind may appear in media with particle interactions far distant
in space. All this is true within the framework of the nonlocal theory. since-we repeat
the validity of the classical theory is limited to the range of very (infinitely) long waves.

(d) Taking all said into consideration. it is fair to conclude that the nonlocal model of
elastic behavior does not contradict the phenomenon established by Goodier and Bishop.
and seems to substantiate the fact that Goodier-Bishop's findings are not necessarily a
strictly formal product of some inadequacies of the postulational basis of the classical
theory of elasticity.

.·lck","r1cl'llcm<'1ll-The author thanks his wife. Maria. for her cooperation in preparalion of Ihis paper.

REFERENCES

Ari. N. amI Eringen. A. C (I'IK.1). Nonlocal stress lield at Grillith crack. Crysl. /'u/I. nl{ tlmorl,h. MUll. 16•
.U .\K.

Eringen. A. ('. ( I'I('~). NOlllinl'IIr Thcory or ("m/I;III/OII.< Mcdill. McGraw-I iii!. New York.
I~ringen. A. C (l'In). I.inear thcory of twnlocal elasticity ami dispersion of plane waves. 111/. J. En!!II." Sci. 10.
4~5 4.\5.

Eringen. A. C. (1'1731. On Raykigh waves with snmlt wave lengths. /"'/1. tlpl,/. I:.'",,"!! Sci. I. II 17.
Eringen. A. ('. (1')76). Nonlocal polar field theories. In ('Omillllllm I'h.nics (Edited by A. C. Eringen). Vol. 4.

pp. ~05 ~67.

Eringen. A. C. (1'177). Edge disloc:ltion in nonloe:tl elasticity. Inl. J. ti/!III.II S'd. 15. 177 IKJ.
Ewing. W. M.• Jardct/.ky. W. S. and I'ress. F. (1957). Eltl.l'lic WlI/·"., ill LU.lwl'd MI',lia. McGr:lw·llilt. New York.
Goodicr. J. N. and Bishop. R. E. D. (1952). A note on critical retlections of clastic waves at free surfaces. J. IIppl.

/'hl's. 23. 124 126.
J:lrd~t/.ky. W. S. (1'I5~). Remark on critical rel1ections of e1aslic waves at free surfaces. J. IIppl. Phy". 23. 1279

12KO.
Kiuel. C. (1'l67l. Imrodllclim/lo Solid Slall' Ph.l'"h·". Jrd edn. Wiley. New York.
Leibfried. G. (1955). Mcch:lllical and thermal properties in cryslals (in German). In EncyclopI'diu ol Phy"ics

(Editcd by S. Fluegge). VII.t. Springer. Berlin.
Magnus. W. and Obcrhellinger. F. (I 94K). Formulu.. and Th"of('msJi" Sp..dul fill/cliun.\· uf Malhl'IIIalicul Phy"ic"

(in German). Springer. Berlin.
Nowinski. J. L. (19K4a). On the non10cal aspects of the propagation of Love waves. 1m. J. En!!n!! Sci. 22. JKJ

J92.
Nowinski. J. L. (19K4b). On the nonlocal aspects of acoustic waves incident on the boundary of a half sp:lce. J.

tI,·c. SOl' . ..111I.76. 154J-154X.
Nowinski. J. L. (19K9). On the wavc tr:lI1smission across the interface of two clastic half-spaces wilh nonlocal

cohesion forces. Acla ,It.-dr. 78. 20C)·2IK.
Wang R. (I 911K). Ph. D. Thesis. lJcijing Graduate School. China University of Technology. Beijing.
Yarnell. J. l. ;lI1d W:\rren. 1. L. (1965). E.,perimental dispersion curves for phonons in aluminum. In Lul/ict!

Dyllalllics. /,,,,... 1111. COllf. Copenhagen. 1963 (Edited by R. F. Wallis). pp. 57 -61. Pergamon. Oxford.


